One contribution of 19 to a theme issue 'Nonlinear water waves' .
Introduction
Although studied for a long time [1] , steady surface gravity and gravity-capillary waves remain a subject of active mathematical research and new solutions are still being discovered [2, 3] . Open questions concern not only extreme gravity waves and 'exotic' capillarygravity waves but also regular gravity waves of finite amplitudes. Indeed, for the latter, many of their 'obvious' characteristics well known to physicists remain to be rigorously proved mathematically [4] [5] [6] . In order to predict what features are likely to be true about steady irrotational gravity waves, some numerical evidence on the velocity, acceleration and pressure fields was given in [7] . The present paper is somewhat a continuation of that work, providing new exact relations that could be useful for accurate computations, for new mathematical proofs and for proving already known results but with weaker assumptions.
In most mathematical and numerical investigations of two-dimensional surface waves, the problem is treated using conformal mapping. This approach, originally due to Stokes [8] , is appealing because the fluid domain (whose shape is unknown a priori) is mapped into a known simple domain (e.g. strip, disc). Thus, in the conformal plane, the equations for steady waves can be reduced into a single equation written on a known line. Various equations have then been obtained as integral and pseudo-differential equations, such as the Babenko [9] and Nekrasov [10] equations (see [11, 12] for reviews). Conformal mapping can also be used in the presence of vorticity; see [13] for recent results and conjectures.
Using conformal mapping is certainly the best approach for computing waves of small or finite amplitudes, but it is not so useful for extreme waves. This can be understood by, for example, considering the limiting gravity wave with a 120 • inner angle at the crest. Such a wave has an exponent two-thirds singularity at the crest in the conformal plane and, therefore, its nth Fourier coefficient decays like n −5/3 as n → ∞. Conversely, the same wave in the physical plane has a discontinuous, but finite, free surface slope. Therefore, its nth Fourier coefficient decays like n −2 as n → ∞. (A discussion on the Fourier coefficients of the Stokes waves, including the highest one, is given in [14] .) Another example is the Stokes small parameter expansion for waves that are not too steep. It was shown in [15, 16] that these expansions have a better rate of convergence in the physical plane than in the conformal plane. The advantage of a physical plane formulation was also noted for an accurate numerical resolution [17] and in the derivation of simple accurate analytic approximations [18] [19] [20] . A goal of the present paper is to advocate further the benefit of working in the physical plane instead of the conformal one.
In order to derive relatively simple exact equations in the physical plane, we follow the strategy used in [21, 22] for the surface reconstruction from bottom pressure measurements. In doing so, we obtain equations involving only the free surface (i.e. without velocity and pressure fields) that have appropriate features for analytical and numerical investigations. For instance, no derivatives need to be computed for gravity waves and only first-order derivatives are involved if surface tensions are included.
The paper is organized as follows. In §2, we introduce the notations and precise definitions of the problem. The problem is then reformulated in a more tractable form in §3. This reformulation involves a holomorphic function Q that, for periodic waves, is determined in terms of a Fourier expansion in §4. In this section, this Fourier series is also summed to obtain a Poisson-like integral formula. The definition of the Fourier coefficients, when applied at the free surface, provides a system of equations for the free surface, as demonstrated in §5. In §6, integral equations for the free surface are also derived. In particular, a physical plane counterpart of the Babenko equation is obtained. A regularization of the integral equation for the free surface is given in §7, which should be suitable for numerical computations. Finally, a summary and some perspectives are given in §8.
Definitions and notations
Steady two-dimensional potential flows due to surface capillary-gravity waves in water of constant depth are considered. The fluid is homogeneous with a constant density ρ > 0. The pressure is denoted by P and, at the impermeable free surface, it is equal to the surface tension plus the constant atmospheric pressure P atm ; p def = (P − P atm )/ρ denotes the relative scaled pressure. The seabed is fixed, horizontal and impermeable.
Let (x, y) be a Cartesian coordinate system moving with the wave, x being the horizontal coordinate and y the upward vertical one. The wave is (2π/k)-periodic (k = 0 for aperiodic waves) and x = 0 is the abscissa of a highest wave crest (subharmonic bifurcations yield crests of different heights) or of a deepest trough for aperiodic waves of depression when there is only one axis of symmetry. y = −d, y = η(x) and y = 0 denote, respectively, the equations for the bottom, for the free surface and for the mean water level. The last implies that η = 0-• is the Eulerian average operator over one period-i.e. The dynamic condition can be expressed in terms of the Bernoulli equation,
where g > 0 is the acceleration due to gravity and B is a Bernoulli constant. At the free surface, the pressure reduces to the effect of the surface tension, i.e.p = −τ η xx (1 + η 2 x ) −3/2 , τ being a surface tension coefficient divided by the density. Let −c be the mean velocity at the bed such that
Thus, c is the phase velocity of the wave observed in the frame of reference where the mean velocity at the bottom is zero, and c > 0 if the wave travels in the increasing x-direction. A definition of c is not needed for solving the equations in the frame of reference moving with the wave, where the flow is steady. A definition of c is, however, necessary when the solution needs to be eventually expressed in another frame of reference. The latter can be obtained via a Galilean transformation properly done [23] . Note that many different phase velocities can be defined (i.e. many frames of reference can be of practical interest), and defining phase velocities is not a trivial matter, in general [24] . Here, c is Stokes' first definition of wave celerity [23, 25] and comparisons with another phase velocity can be found in [26] . Note also that this frame issue also appears when investigating, for example, fluid particle trajectories [27] [28] [29] because the latter are different in different frames (i.e. trajectories are not Galilean invariant). In the frame of reference moving with the wave, trajectories coincide with streamlines (and streaklines) because the flow is steady in this peculiar frame. Trajectories in any other frames can then be obtained via Galilean transformations. Finally, note that B = c 2 in deep water and for solitary waves (but B = c 2 in general) and that c is not the linear phase velocity c 0 def = (g + τ k 2 ) tanh(kd)/k. All the equations in this paper are for non-overturning waves, so η is a continuous function of x. For pure gravity waves, there are no overhanging travelling waves of permanent form [30, 31] . The situation is different in the presence of surface tensions where overhanging solutions exist [12, 32] . Because we derive below some equations for η only, their generalization for overturning waves is straightforward, using, for instance, the arc length coordinate as the independent variable. Thus, using x as the independent variable does not really restrict the generality of the derivations given below.
Surface dynamic relations
Given a steady impermeable free surface, implying thatψ is a constant, the Bernoulli equation (2.2) at the free surface can be written the first equality being a consequence of the condition (2.1) and of the periodicity applied to (3.1), while the second equality derives from the irrotationality [22, 33] . The relation w = df /dz written at the free surface, with equation (3.1), yields [22] 
(z 0 an arbitrary constant) is, of course, also holomorphic. Taking z 0 at the wave crest (i.e. choosing z 0 = ia), integrating along the surface and using (3.3), one obtains at oncẽ
For symmetric waves, H is a periodic odd function and, therefore, averages to zero, because η is a periodic even function averaging to zero. For asymmetric waves, H is still periodic but, a priori, does not necessarily have zero average. It follows from (3.2) and from the bottom impermeability that on the seabed
Thus, Q is a (2π/k)-periodic function in the x-direction that is bounded everywhere at and below the free surface, even in the deep water limit d → ∞.
The mathematical formulation involving the function Q has the great advantage that the conditions at the free surface are combined into a single complex equation. Thus, the holomorphic properties can be exploited in a straightforward efficient way, as shown in [21] .
Fourier expansion and Poisson-like integral
For a (2π/k)-periodic wave, such that the boundary conditions (3.6) are fulfilled, a general solution can be sought as the Fourier expansion
where all the Fourier coefficients q n are real if the wave is symmetric with respect to the vertical axis x = 0. The conditionQ(0) = 0 (from the definition of Q) yields
For later convenience, we introduce another holomorphic function q,
such that at the bottom q(x − id) = 0, Im{q(x − id)} = 0, and at the free surface qz x = 0. The coefficients q n can be obtained fromQ(x) = Q(z) via the relations (spectral projections) Integrating by parts and using the condition (2.1), one derives easily the similar relations
and
as well as (for all n ∈ Z)
where H = 0 only (perhaps) for asymmetric waves. Note that the right-hand sides of (4.6)-(4.8) do not involve the derivatives of η, which is an interesting feature for computations. With the relations (4.6)-(4.9), the substitution of (3.5) into (4.4) yields
which gives all the q n if η is known. Hence, Q and q are completely determined in terms of η, allowing the derivation of equations for η only, as shown in § §5 and 6. Note that the q n (for n = 0) and q at the free surface, i.e. from (3.5) and (4.10)
do not depend explicitly on the amplitude a.
Once η is known, the function q is obtained from its Fourier expansion (3.4) . Substituting the relation (4.11), one derives the Poisson-like integral relation with the kernels (for ν = 0, 1, 2) L ν def = Li ν (e ik(z −z) ) − [Li ν (e ik(z −z * +2id) )] * = Li ν (e ik(z −z) ) − Li ν (e ik(z−z * +2id) ), (4.15) the primes denoting the dependence with respect to the dummy variable x (e.g. η = η(x ), z = x + iη(x ), etc.) and where Li ν (θ ) def = ∞ n=1 θ n /n ν is the νth polylogarithm [34] . In particular, Li 0 (θ ) def = θ/(1 − θ ), Li 1 (θ ) def = − log(1 − θ ) and Li 2 (θ ) cannot be expressed with simpler functions, 1 but they can be easily computed [35] . Li ν (θ ) for ν ≥ 1 is a single-valued 2 function in the cut plane θ ∈ C\[1, ∞[, i.e. with θ = e ik(z −z) the branch cut is defined by x = x and y ≥ η . Therefore, the relation (4.14) is well defined for all z beneath the free surface.
Once q is known, the velocity field is obtained from the relation w 2 = B − 2 dq/dz. The pressure and other (e.g. acceleration) fields can then be obtained from w via some elementary mathematical derivations.
System of equations for the free surface
Changing n by −n in the complex conjugate of (4.12) and subsequently substituting (4.11) into the result in order to eliminate q n , one obtains after some elementary algebra (for all n > 0)
The (infinite) system of equations (5.1), together with the condition (2.1), determines the surface elevation η completely. Therefore, this system of equations can be used to compute η. These relations can also be used to check the accuracy of numerical solutions obtained from any formulation of the problem, thus providing a much more stringent criterion of convergence and accuracy than the few well-known integral relations [33, 36, 37] often used for this purpose. where is a small parameter. With (5.2), this calculation is not much more demanding in the physical plane than in the conformal one, and it has the advantage that the Stokes expansion has a better rate of convergence [15] . It should be noted that (5.2) is somehow a physical plane counterpart of the quadratic relations between the Fourier coefficients of the Stokes waves obtained by Longuet-Higgins [38] in the conformal plane. The relation (5.1) is the generalization for finite depth and surface tensions, whose conformal plane counterpart has apparently never been derived. 1 Li 2 is Spence's dilogarithm, which is not to be confused with Euler's dilogarithm dlog(θ) def = Li 2 (1 − θ). 2 Only the principal branch (such that −π < arg(θ) π) of the complex logarithm is considered here. This convention defines the branch cut of Li 1 , which is carried out to the definition of higher-order complex polylogarithms via the recurrence relation 
Integral equations for the free surface
Applying (4.14) at the free surface and substituting (4.13) in the left-hand side, one obtains
− denoting a singular integral to be evaluated in the sense of the Cauchy principal value and whereL
the kernelL 0 being singular (hence the principal value integral),L 1 being weakly singular (with logarithmic singularity) andL 2 being regular. Thus, splitting the real and imaginary parts of (6.1), i.e.
one obtains two conjugate nonlinear singular integro-differential equations for η. Either equation (6.3) or equation (6.4) can be used to compute the solution; the other one can be used to check the accuracy of the computed approximation. For pure gravity waves (τ = 0), the imaginary part (6.4) of (6.1) becomes 2Bη − gη 2 + 3g η 2 = g π k π/k −π/k Re{Li 2 (e ik(z −z) ) − Li 2 (e ik(z−z * +2id) )} dx − 1 π π/k −π/k (B − 2gη ) Re{Li 1 (e ik(z −z) ) − Li 1 (e ik(z−z * +2id) )} dx , (6.5) which is a nonlinear weakly singular purely integral (i.e. not differential) equation for η. Equation (6.5) is the physical plane counterpart of the Babenko equation [9] , the latter being expressed in the conformal plane. Thus, we name equation (6.5) the 'Eulerian Babenko equation' (EBE) and the original Babenko equation is called here the 'conformal Babenko equation' (CBE). The CBE is most often written with pseudo-differential operators that can also be expressed as convolution integrals. In doing so, one can easily verify that the CBE involves hyper-singular integrals, while the EBE involves only weakly singular integrals. However, the integrals of the EBE are not of convolution type and their kernels involve the unknown function η. Except for the highest waves, the CBE can be easily and rapidly solved numerically [39] . However, the CBE is not so convenient for extreme waves, for which the EBE is expected to be superior. The Nekrasov equation [10] is sometimes used to compute extreme gravity waves [40, 41] . Like the EBE, Nekrasov's integral equation is only weakly singular, but this equation is for the angle the free surface makes with the horizontal. This angle being discontinuous at the crest of the limiting waves, the numerical resolution of the Nekrasov equation is demanding for near-limiting waves. Conversely, the EBE being an equation for the surface itself that is a continuous function, even for the limiting gravity waves, it has an attractive feature for extreme waves. Equation (6.4) is an EBE generalized to incorporate surface tensions. The CBE with surface tension has long been derived and it was used in mathematical and numerical analysis [2, 42] . Equation (6.4) involves first-order derivatives, while the CBE with surface tension involves second-order derivatives. Therefore, equation (6.4) should be useful for further mathematical and numerical investigations.
Regularized integral equation
When capillarity is included, the singular nature of the EBE is not really problematic, because the surface tension enforces some regularity of the free surface. However, for steep pure gravity waves, such as the limiting waves with a 120 • inner angle at the crest, the singular integral is more problematic due to the low regularity of η, even though the integral is only weakly singular. It is, therefore, of practical interest to regularize the equation.
The integral equation (6.4) has a (weak, logarithmic) singularity due to the term Li 1 (e ik(z −z) ) and has a (single pole) singularity due to the term Li 0 (e ik(z −z) ). Both singularities can be removed as follows. First, equation (6.4) is rewritten as
where only the third and fifth integrands are singular. Second, considering the relations
where α ∈ R + is a constant, equation (7.1) can be further rewritten
All the integrands in (7.3) are continuous if η is continuous (non-overturning waves) because, as
x → x, we have 
Conclusion
Several exact relations for steady irrotational surface waves have been derived. The derivations were carried out in the physical plane and it was shown that these relations are not much more involved than their counterparts in the conformal plane. In particular, we derived several integral relations for the free surface only that can be of practical interest. We also obtained integral equations for the free surface that can be used to investigate steady water waves analytically and numerically. The main motivation for this work was the derivation of equations suitable to study extreme waves, but the practical benefit of these equations remains to be demonstrated. Nonetheless, we emphasized several of their features that seem advantageous a priori. It will be the subject of future investigations to explore the potential of these equations, for instance exploiting equation (6.5) to compute the highest waves accurately.
The integral relations and equations derived in this paper are valid for non-overturning waves, i.e. η must be a single-valued continuous function of x. For gravity-capillary waves, some overturning solutions are known to exist [12, 32] . For such solutions, using x as the independent variable is no longer possible. One should then use instead a parametric representation of the free surface, such as the arc length coordinate. The corresponding integral relations and equations can be easily obtained from (5.1), (6.3) and (6.4). These elementary derivations are left to the reader.
This work could be extended in different directions. Generalizations for overturning waves are straightforward using, for instance, the arc length coordinate as the independent variable, as already mentioned. The inclusion of elastic effects at the surface modelling flexural surface waves [43] should also be straightforward. Stratifications in homogeneous layers could be treated in similar ways. The inclusion of vorticity would be of special interest and it seems conceivable, at least for a constant vorticity. These possibilities will be investigated in future works.
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